













































































Lazy Data Structures
















































































Roadmap for rest of semester

Average analysis of algorithms
Twlout sacrificing worst case robustness

Amortized analysis average inhindsight

Randomized algorithms average over random bits

Both are very practical different perspectives
















































































Incrementing Binary Counters

itt Hincrementi

In bits
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From I 2 to n how many total flips
least significant

how often total

Ist bit everytime n

2nd bit every2 times I
3rd bit every 4 times F

q

kthbitevery2htimest
















































































2n

everytime n

wostento

2nd bit every2times BJ
11111111111111111111111111111111 3rd bit every 4 times E

100000000000000000000000000000000

Kth bit every 2kttimes I

n increments Oln total time

each increment takes OCD onaverage
OCD amortized time
















































































Ist bit
howoften total
everytime n

Amortized Analysis and bit ever atimes Is
3rd bit every4times Is

q
Kth bit every2kttimes I

T amortized time

n operations take ht time

Multiple operations Ops m OR

OP takes T amortized time OP take

Ok takes Ti amortized time

OP t OPistOPist Ti Tiz t Ti it
















































































2 3 7
Ist bit

howoften total
everytime n

2nd bit every2times BJ
3rd bit every4times EJ

ways to do amortized analysis
bit every a times L's

T amortized time
noperationstake OnT time

direct analysis like above

Credit schemes banker method multipleoperations or more
ORtakesT amortizedtimeOP take me

potential function method
















































































Credit schemes

Idea buy credits ahead of time to pay for
work later

running time t OCD A credit I amortized time
emetine
















































































Credit schemes Idea buy credits ahead of time to pay for work later

runningtime t Oct A credit I amortized time
cnet.no

e g for binary counter when incrementing
o 2 20 22 109101

put I credit on first bit11111111111111111111111111111111
100000000000000000000000000000000

12 credit on 2nd bit
Ist bit

howoften total
everytime n Yy credit on 3rd bit

2nd bit every2times BJ 93rd bit every4times Is

q
4th bit every a times 1a Y4fÉ

b

2

when we need to flip bit i we have already
saved I credit to pay for it
















































































Credit schemes

Idea buy credits ahead of time to pay for
work later

running time t Oct A credit I amortized time
netincrease

eg for binarycounterwhenincrementing
2222221223131 2200000000000000000000000000000000 put I credit on first bit

Main rule

ya credit on'd
2 credit on 2ndbit

Istbit L total

andbit everystimes Is

you already saved saw every times

only spend credits that

bit everyatimes Is tj.ge IIIf
saved I credit to pay for it
















































































Potential method

Invent potential I

Amortized cost of operation will be

real time DI
changein potential































































































































































Potential method potential I

Amortized cost of operation will be

real time DE
w 11111111111111111111111111111111

100000000000000000000000000000000

e g binary counter yep
howoften total
everytime n

2nd bit every2times I
3rd bit every4times EJI bits set to 1
kth bit every2kttimes LII

hen for each inc

realtime t II 104

each bit reset to O paidby DI

























































































































































































































































































































































































































































































































































































































































Search trees

10

organizes keys 5 15

in a tree
2 8 12 21

17Invariant 6 a

a node's is
19

I any in left subtree

I any in right subtree
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5 15

2 4 12 21

17
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Yo 19

operations take time proportional
to the height of a tree
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How to keep a tree balanced

AVL trees typically covered in
UG data structures

Red black trees

Today we will be very lazy

















If wedetectbig imbalance

8100
SO

I 8
Ya't 2x agreedher Lazy idea mark node as deleted

if 250 marked for deletion
rebuildentiresubtreetree optimally

rebuild optimallychoosemediantoberootofsubtree recurse lineartime

Theorem lazy insertion and lazy deletion take

OClog n amortized time



heorem lazy insertion and lazy deletion take

log n amortized time Is wedetectbigimbalance

100 so

IEEE 2x Eater her

rebuildentiresubtreetreeoptimally

7010
woman

I

Lazy idea marknode asdeleted
if 250 markedfordeletion

rebuildoptimally





Immutable data structures

Once something is written never changes

Restrictions bring benefits

no side effects

simplifies concurrency
helps compiler





Editing objects by copying
small change copy whole object
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