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¢ multiply(x[1.n],y[1..n]) . oYY NS N \ E R 5 = 3T a DL“ N

: : : vz N T H T e .

B . N A /: \\ S, % . :

N L]

1. If n = 0 then return 0.

H N I
2. If n =1 then return x[1] * y[1]. S E - : : \oé

'l' N Iy i : H \‘
S R S H [ \ \Q {2}
. . ’ 1 . T
3. If n is not even then pad x and y with a leading 0, making » even. N \ ! ' ' o s £t 2 . \) ( 31
10(n). : : Oé,g\h (i) n f : 9‘ n=

4. Let x1 = x[1..n/2], xo = [n/2+ 1..n], y1 = y[1..n/2], and E > E . .‘:

y2=y[n/2+1..a] (as n/2-bit integers). 1 0(n). N oL \°%1L3/13 ‘\'\)
5. Let x3[1..n/2 + 1] = x1 + x9 and y3[1..2/2+ 1] = (y1 + y9) (as § H E N - O(

(n/2 +1)-bit integers). 7 0(n). : .

6. Let Z; = multiply(x1,y1), Zo = multiply(xg,y2), and

Z3 =multiply(xs,ys). 13T ((n+2)/2). E é E — \ S\
: : a3 B B O(h o%zC >

/% Note that multiplying by 2" is just a bit-shift and takes O(n) time. */ : N (-—
7. Return 2" % Zy + 2"%(Zy — Zy — Zo) + Zy

.
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: A are distinct for simplicity. (Otherwise, break ties consistently.) */0 - _ _ . N .,
: median(4[1..n]) = select([n/2],4[1..n]) i i ™ oS M @\\IG‘Y 9 \\0\5 \O f_ ‘(‘o\“\(L9\ = 1~

= the [#/2]th smallest element out of 4[1..7] /% Here we implement select(k,A[1..n]) assuming a linear time subroutine for

: ) ) median(A4[1..x]). */§ % SO\:YQ‘A »,
PW O(/YD WL use tha\oh s @Va 1. If n < 10 then find the kth element by brute force. H
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¢¢¢¢¢

o) |t B m/zmmmllzim e

\ K ce 5 IfE>Y
RTINS N e
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l. spli¥ oY median X~ coordinale
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min-distance(P)

/* We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If n <1 then return +oo.

2. If n =2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates.

6. Let P3 = {(x,y) eP:|lx—z| < 6} and let p1,...,pz list P3 in decreasing order of
y-coordinate.

1 0(n)

1 0(n) :E
/* Divide P along the vertical line x = 2 */ E: :E
4, LetP1={(x,y)eP:x<a}andsz{(x,y)eP:xZa} 1 0(n) ‘I:E E
/* Find the minimum distances within each half Py and Py recursively. */ : @ :i
5. Let 61 = min-distance(P;), 69 = min-distance(Py), and § = min{d1,d}. :E
) 9T (n/2)
/* It remains to find the minimum distance across P1 and P;. */ :E

7. Let 63 be the minimum of ||p,- —pj” over all 7, j with i < j < i+ 10.
8. Return min{6,03}.

3

1 0(n)
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Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the
rectangle [a — 6,a + 6] X [b - 9,b],

WYUTIVEY: 1ot dense, Sewer companisons needed

L=[a-06,a)x[b-06,b] and R = [a,a+ 6] X [b—6,b]

min-distance(P)

/% We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */
1. If 2 <1 then return +co.

2. If n = 2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates.

10(n)
/ Divide P along the vertical line x = z */
4. Let i={(xy)eP:x<a}and Py={(xy) e P:x > a} 10(n)
/% Find the minimum distances within each half Py and Py recursively. */
5. Let 6; = min-distance(P;), 63 = min-distance(P,), and 6 = min{d,,6}. ‘ W
12T (n/2)
/% It remains to find the minimum distance across Py and Py. */ 1 :
6. Let Py = {(x.y) € P: |x—z| <5} and let py.....p; list P; in decreasing order of i 1
y-coordinate. 10(n) 1 [ ]
7. Let 63 be the minimum of [|p; — p,|| overall i, j withi < j<i+10.  /0(n) : :
8. Return min{8.53}. 1 :



° \RX\I naccow

Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the 77 o0 5T s have i distoncs 28

rectangle [a — 6,a + 6] X [b - 9,b],

WAV nor dense, Sewer CoMPansons weeded

o (ab)
min-distance(P) /

/* We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If » <1 then return +co.

2. If n = 2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates.

6. Let P3 = {(x,y) eP:|lx—z < 6} and let p1,...,p list P3 in decreasing order of
y-coordinate. 7 0(n)
7. Let 63 be the minimum of ||]), —pj” over all 7, j with i < j < i +10.

8. Return min{¢,d3}.

/0 (n)

1 0(n) E:
/* Divide P along the vertical line x = z */ :i ;
4. LetPlz{(x,y)EP:x<a} andPQ:{(x,y)eP:xZa} 1 0(n) E: E:
/* Find the minimum distances within each half P1 and Py recursively. */ ® :: P E:
5. Let 61 = min-distance(P;), 69 = min-distance(Py), and 6 = min{d1,0}. ::
) 9T (n/2)
/* It remains to find the minimum distance across Py and Ps. x/ :E

3



*NRYY  nactow
min-distance(P) ° 90\6*5 on 5T side have mwn distonee Z§
° powi ¥ sde have Ww NsTance 2
/% We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */ powits ©n (\3\\ e hav -
1. If n <1 then return +co.

WYUTIVEY: 1ot dense, Sewer companisons needed

1
1
2. If n = 2 then return the distance between the two points in P. i
1
3. Let a be the median of the x-coordinates. 7 0(n) E
1
o g 1
/* Divide P along the vertical line x = z */ i ’
4. Let P, = {(x,y) eP:x< a} and Py = {(x,y) eP:x> a} 7 0(n)
/* Find the minimum distances within each half P1 and Py recursively. */

5. Let 61 = min-distance(Py), 69 = min-distance(Py), and 6§ = min{d7,6}.

19T (n)2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let P3={(x,y) € P:|x—z| <5} and let p1,...,p; list Ps in decreasing order of
y-coordinate. 7 0(n)

7. Let 63 be the minimum of ||p,- —[Jj” over all ¢, j with i < j < i +10.

8. Return min{4,d3}.

1 0(n)

TG = A7 (W/3) 0w = Dcn\oén\

3
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Fact 11.4. Foralla € C", F, F,a = na.

Theorem 11.5. F, and F; can be computed in O(nlog n) time.
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Fact 11.4. Foralla € C", F, F,a = na.

Theorem 11.5. F, and F; can be computed in O(nlog n) time.
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Lemma 11.7. For any nth root of unity w except for w = 1, we have

2

l+w+w?+ -+ 1 =0.
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time and we will formalize the argument later.
The randomized algorithm works better in practice.

11.3 Minimum distance in R?

o
We consider the problem of computing the minimum pairwise distance among a
set of points in the plane. The input consists of # points P in R%. The goal is
to find the minimum Euclidean distance between any two points p,¢g € P. Here
we recall that for two points p = (p1,p2) and ¢ = (g1, ¢2), the Euclidean distance

||[) - q” is given by

lp - gl = \/([11 —q)?* + (p2 — g2)*.

We assume for simplicity that all the coordinates of all the points are distinct.* Of
course there is an O(n?)-time algorithm where we simply calculate the distance
of every pair. The question is whether one could do better. In anticipation of a
recursive algorithm, we first declare a recursive spec.

min-distance(P) = the minimum Euclidean distance between any
pair of points in P (or +co if there are less than 2 points in P).

The goal is to implement min-distance(P) exactly as described above.

min olisfance

-
——e ————————o—>
y=0

To build some intuition, it is helpful to consider the 1-dimensional case; or
equivalently, assume that all points have the same y-coordinate, (say) y = 0. (We
continue to assume the x-coordinates are distinct.) The most obvious approach
is to sort the points by x-coordinate, and then scan and check all the consecutive
pairs in sorted order. This takes O(nlog n) time. This is very good but it does

*The fancy way to state this assumption is to say that the points are in “general position”.
In practice, we can often assume general position by first perturbing the points by a sufficiently
small amount. We also point out that the algorithms here are simple enough to adapt to duplicate
coordinates. We assume general position to keep the algorithm clean and focus on the high-level
ideas.
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not seem to generalize to general y-coordinates. In R%, the minimum distance is
not necessarily attained by a a consecutive pair of points when listed in increasing
order of x.

A second approach to the one-dimensional, y = 0 setting is to first find
the median x-coordinate z. (We can compute z in O(n) time via select from
section 11.2). Let P; be the subset of points with x-coordinate < z and Py be the
subset of points with x-coordinate > 2. We recursively compute the minimum
distance in P; and Py. Let 6 be the minimum of the two values returned. ¢ is
the minimum distance among pairs of points within P; and within Py; it remains
to check the minimum distance of pairs across the two halves. To this end, we
calculate the distance between the right-most-point on the left half P;, and the
left-most-point on the right half Py. We return the minimum of this distance and
J.

The second approach almost generalizes to R%, except for the last step where
we get the minimum distance across the two halves. The minimum distance
across P; and P is not necessarily between the two points closest to the dividing

line x = z.
A= '
o ." /\0 4 °
t . °
( '
[ ] ] ® P
{ »
'] 5 . @
EI‘R’\ ~
[}

We do know that that any point in the minimum cross pair has x-coordinate
within 6 of z. (Otherwise the x-coordinate alone makes the distance of the
cross-pair > 6). Let

sz{(x,y)Elex—z|Sé}

gather up all the points in P whose x-coordinates are within ¢ of z. Now consider
the following geometric facts.

1. P3 lies in a narrow, vertical band of width 26.

2. Any two points in P; N P3 have distance at least 6, and any two points in
Py N P3 have distance at least 6. This generally forces P3 to be spread apart.

Combining the two facts leads to the following observation (formalized in
lemma 11.3):

For any point p € Ps, there are at most a constant number of other
points with y-coordinate within ¢ of p.
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min-distance(P)

/% We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */
1. If » <1 then return +oo.

2. If n = 2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates. 1 O(n)
/* Divide P along the vertical line x = z */
4. Let P, = {(x,y) eP:x< a} and Py = {(x,y) eEP:x> a} 1 0O(n)
/* Find the minimum distances within each half Py and Py recursively. *x/

5. Let 61 = min-distance(P;), d9 = min-distance(P), and § = min{d1,6}.
12T (n/2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let Py = {(x,y) eP:|x—2z < 5} and let p1,. .., p; list P3 in decreasing order of
y-coordinate. 1 O(n)

7. Let 63 be the minimum of ||[71' —[)j” over all ¢, j with i < j < i +10. 1 O(n)
8. Return min{4,d3}.

Figure 11.8: Computing the minimum distance in R? by divide-and-conquer along
the horizontal axis.

We take advantage of this by sorting P3 by y-coordinate, and only compute the
distance between pairs of points that are within 10 ranks of one another in the
sorted list. (By lemma 11.3, 10 is a sufficiently large constant.)

Pseudocode of the divide-and-conquer algorithm described above is given in
fig. 11.8. As a relatively minor point, instead of sorting by y-coordinate in each
recursive call, we can sort all of P once in a preprocessing step. We assume that
P is already sorted by y-coordinate in the implementation in fig. 11.8.

Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the
rectangle [a — 6,a + 6] X [b — 6,b],

Proof. The following is an example of a “packing argument”, which is common
in computational geometry.
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We split the rectangle into two squares
L=[a-06,a)X[b-06,b] and R = [a,a+ 6] X [b-6,b].

For each half we show that there are at most 5 points.

Consider the left half L. Any pair of points in L, being both in Pj, has
distance at least 6. For each point p € P N L, draw a ball B, with radius ¢/2
centered at p. Each ball B, has area 76%/4, and lies in the “padded” rectangle
[a—1.56,a+ .56] X [b—1.56,b + .56] of area 26 x 26 = 46%. These balls are also
interior disjoint because the minimum distance between their centers is . The
number of these balls that can fit in the padded rectangle, by comparing areas, is
at most

46> 16

= — ~ 5.09.
né%/4  mw

Since the maximum number is also integer, we conclude there can be at most 5
balls, hence 5 points in P N L.

By the same argument (now applied to Py, instead of P;) there are at most 5
points in R N P. |

The overall proof of correctness is as follows. We will prove that fig. 11.8
correctly implements min-distance(P) as specified above by induction on |P]|.
The base cases are when |P| < 2; if |P| < 1 then the distance is automatically +oo;
if |P| = 2, there is only one pairwise distance to consider and that is the value
returned. Consider the general case where |P| > 2. We assume by induction that
the implementation is correct for all strictly smaller point sets.

After dividing the input size into P; and Py, we know that the minimum
distance is either within P;, within Py, or across P; and P;. By induction we
assume that min-distance(P;) and min-distance(Py) return the (true) mini-
mum distance within P; and Py, respectively. For pairs going across P; and Py, it
suffices to compute the minimum distance in P3 since otherwise the difference
in x-coordinate is at least 6. Within P3, by lemma 11.3, it suffices to compare
each point p € P3 with the 10 points with closest y-value, which is exactly what
the algorithm does. So the algorithm also finds the minimum distance within P3
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correctly. The minimum distance from the three sets P, Py, and P; gives the
minimum distance of all of P, as claimed.

As for the running time, we have two recursive calls to point sets of size n/2,
plus O(n) additional work (as annotated in the code). This gives a recursion of
the form

T(n)=2T(n/2)+0(n).

This is the same recurrence as merge-sort and is solved by 7'(n) = O(nlog n)

11.4 Fourier transforms

Complex numbers. The discrete Fourier transform is an operation applied to
polynomials that takes place in the complex plane C. Here we will present the
minimal algebraic facts regarding C. Recall that a complex number x € C has
the form

xX=a+1b,

where a,b € R are real-valued numbers. a is called the “real part” of x and & is
called the “complex part” of 4. 1 denotes “imaginary i”, defined by > = —1. We
have

(a+1b)(c+1d) = ac+ (be+ad)i+ bdi® Y ac+ (bc + ad)1 — bd,

here (a) applies the identity > = —1. With this, polynomials

—_ 2 * o n_l
n_
p(x)=ap+arx+agx"+---+ay_1x

are well defined for x € C. So are functions that can be expressed as convergent
power series, such as the exponential function:

X x2 w3 Xt
e =1+x+—++——+---
2 3 4

Euler’s formula gives a geometric interpretation of the exponential function:
¢’ = cos 6 +1sin .

From this we have Euler’s identity;,

as well as the identity

e?™ = 1.
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Roots of unity. Now, let n € N be fixed. An zth root of unity is any (complex)
number w satisfying

w" =1.
For example, 1 is an nth root of unity for any n, and -1 is an nth root of unity
for any even n. 1 is a 4th root of unity. More generally,

def
W, = eQm/n

is an nth root of unity, as well as w! for any j € Z. In fact, the n distinct powers
of w,,

0 2 n—1

l=w,, w,, W, ...

give all the nth roots of unity.

The discrete Fourier transform. The (nth) discrete Fourier transform,
denoted F,, takes as input a polynomial

p(X) =ap+arx+--+a,_1x" "

represented by its coefficients
ap,...,ay-1 € C,

and produces the vector obtained by evaluating p(x) at each of the n roots of
unity’. Here, identifying p with its coefficients a € C", we write

Faa® (p(1).pwn).p(@)),.....p(@i ).

The conjugate (nth) discrete Fourier transform, denoted F, a, instead lists
the values for the powers of w,:

% def
F,a =

-1 -2 1-
(P, p (@), p(@)),- . plh™)
Since w,! = w1, F} actually evaluates the same points as F,a, but the order of
values is partly reversed.
Later we will show that F, and F, are nearly inverse to one another, in the
following sense. In particular, they can each be used to “undo” the other.

5We mention that there are other “continuous” variants for Fourier transforms that we do not
discuss.
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Fact 11.4. Foralla € C", F,F,a = na.

What is the fastest way to compute F,? The most direct way to compute the
discrete Fourier transform is to just evaluate each p(w?’,) separately, in O(n?) time
overall. The fast Fourier transform algorithm applies divide and conquer to
give the following improved running time.

Theorem 11.5. F, and F can be computed in O(nlog n) time.

11.4.1 Application: multiplying polynomials.

Below we will have a more technical discussion that proves both fact 11.4 and
theorem 11.5. But to motivate that discussion we first ask: why is F, useful? We
first mention that it is incredibly useful for signal processing and refer to the
wikipedia article for more on this application. But as another basic application that
requires no new definitions, consider the problem of multiplying two degree-(z—1)
polynomials p(x) and ¢(x), represented by coefficients a,b € C" in respectively.
Let r(x) = p(x)g(x) be their product, with coefficients ¢ € C*. We can compute
the coefficients of 7(x) explicitly in O(n?) time, by take the appropriate sums of
products of coefficients of p and ¢. For example, the coefficient ¢; corresponding
¥ in r is given by the convolution

Cp = Z a,-bk_,-.

to x

k

i=0
This is not a complicated formula but computationally it does represent a loop
of size k, where £ can be as large as 2n. Using the convolution above to compute
r = pg, we take O(n) time per coefficient ¢, and O(n?) time total.

Instead of focusing on the coefficients of r, let us consider its Fourier transform
Fy,r. The values r(x) = p(x)g(x) at the (2n)th roots of unity wén are given by

r(w),) = p(wy,)q(wy,)

for each i. In contrast to convolutions, each value takes O(1) time given the
values on the RHS. Thus, given Fy,p and Fj,q, computing Fy,r is very quick,
taking only O(n) time.

Now recall that Fj, computes all 2n roots of unity, and F;, effectively reverses
the process and recovers the polynomial (times a factor of n) from the values
at the roots of unity. We can compute r = p¢g much more quickly by (a) taking
the Fourier transforms of p and ¢, (b) multiplying the values together to get
the Fourier transform of r, and then using the conjugate Fourier transform
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(and dividing by 2z) to get the coefficients of r. By the fast Fourier transform
(theorem 11.5), the whole procedure takes only O(nlog n) time!

0(" og n) 0(n) 0(nlog 1)
(p.q) —— (Foup, Fonq) — Four ——— F,; Four = 2nr

Corollary 11.6. Two polynomials of degree n — 1 can be multiplied in O (nlog n) time.

We also point out that the fastest integer multiplication algorithms are based
on the Fourier transform. Indeed, multiplying integers is not so different from
multiplying polynomials — think of the bits of an integer in binary notation as
the n coefficients of a degree-n polynomial.

11.4.2 Inverting F, and F,

We first prove Fact 11.4, which described a near-inverse relationship between F,
and F,. We require the following identity.

Lemma 11.7. For any nth root of unity w except for w = 1, we have
l+w+w’+--+w" 1 =0.

Forw =1, the LHS is n.

Proof. We have

(1—w)(1+w+w2+---+w”_1)=1—a)”:0,
soeitherw=1lorl+w+---+w"1=0. ]

Now we prove Fact 11.4. We restate the claim below for the reader’s conve-
nience.

Fact 11.4. Foralla € C", F,F,a = na.

Proof. Take any a € C"; we want to show that F,F,a = na. Indeed, for each
coordinate i € {0,...,n — 1}, we have

2 Z<F a);(wh) 2 Zl(j ak<w£)k)<w;>f

J=0\k=0
n—1 n—1
o Shek 2 n
= = na;.
k=0 j=0

Here (a) and (b) expand out the definitions of F, and F),. (c) interchanges sums.
(d) is by lemma 11.7: unless £ — i = 0 (or some other multiple of z), we have

n—1 —-iNJ —
Z]‘:() (wfl )] - O "
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One implication of Fact 11.4 is as follows.

Corollary 11.8. A polynomial p(x) of degree n — 1 is uniquely identified by its value
at the n roots of unity p(1), p(wy),. .., p(w" ).

The above is a special case of the fundamental theorem of algebra.

11.4.3 The fast Fourier transform

We finally arrive at the algorithms for /, and F,. As noted above, F, is a
rearrangement of the coordinates produced by F,, so it suffices to only present
an algorithm for F,.

Let p(x) be a degree (n — 1)-degree with coefficients ay,...,a,-1 € C:

p(x) =ag+arx+--+a,_1x" L
For ease of discussion let us assume that z is a power of 2. Our goal is to compute
the vector of values

Faa 2 (p(1), plwn), , p(w?), p(e?)
To avoid ambiguity we first give a recursive spec for our algorithm. Given
n € N and a vector a € C" (indexed as ay,as,...,a,-1 € C by convention), we

define

Fourier(ay,...,a,_1) = the nth discrete Fourier transform

Faa = (p(1).p(@n).p(@})......p(w} )

where p(x) is the polynomial p(x) = ap+ a1x+--- + ap_1x"1.

The divide and conquer argument exploits the following identity for w, (for
all n € N):

w9, = a)fl. (11.4)

def

Indeed, recalling that w, = ¢>™*/"

, we have

2
2 :e(2m/2n) :eQM/n

wy, = Wwy.

Now, consider (Fy,a); for fixed n € N and a € C*". We have

(a) . . . © . _
(Fona); £ ap+ arwh + ag(wl ) + ag(wh,)? + -+ + agy-1(wh )*"71

© (ao + ag(a);n)Q +--- 4 agn_g(w;n)(zn_m) (11.5)

. . (91
+ (alwén + ag(wén)?’ +oee+ agn_l(w’zn)( " )).
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Here (a) is by definition of Fy,, and (b) groups the sum into one sum for the
even-index coordinates, and another sum for the odd-index coordinates.

Consider the first group with the even-index coefficients. All the powers of
wy, are even, so by applying the identity (11.4), we have

i \2 i\ (2n—2 ' i\ -1
ao + az(wy,) +---+a2n_2(w’2n)( " ):ao+a2w§l+---+a2n_2(w;)” )

Now the RHS can be interpreted as evaluating a degree n—1 polynomial with coef-
ficients ag, ag, . . ., ag,—9 at w,. More specifically, if we let @eyen = (a9, ag, . . ., a9,-2),
then we have

ap + agwfl +. 4+ agn_g(w;)”_l =F

Qeven

— the nth Fourier transform of the even-index coefficients!

We can do something similar for the odd coeflicients. Let aoqq =
(ai1,as,...,a,_1) be the vector of odd coefficients, and consider the second sum
in (11.5). We have

ala)én + ag (a);n)?’ +--+ agn_l(a)én)@”_l)
= w;n((al +az(w))? + as(w)* + - + agn_g(w;)”_l))
= wén((al + a3(w2)2 + a5(a)fz)4 +-+ agn_g(a)fl)"_l))
= wh (Fuaodd)-
Plugging all this back into (11.5), we have the clean identity
(Fona); = (Frleven); + Wh,(Fuodd);

for i =0,...,n — 1. This equation tells us that computing Fy,a is largely reduced
to computing F,deven and F,ao,qq. More specifically, given F acven and Fjaoqd, we
need only O(2n) time to compute Fy,a. Meanwhile F,aeven and F,a,q4q can be
computed recursively, where each subproblem has half the size / dimension.

In fig. 11.9 on page 177, we give pseudocode for the recursive algorithm
Fourier(ay,...,a,-1), based on the divide-and-conquer approach outlined above.
The code in fig. 11.9 is modified slightly for mathematics above to remove the
assumption that z is even. (The argument for odd = is the exact same, except
there is one more even-index coefficient than odd-index coefficient.)

We now analyze the running time of Fourier(ao,...,a,-1). As annotated
in the pseudocode, Fourier(ay,...,a,-1) consists of 2 recursive calls with half
the number of coefficients, plus O(n) work. Thus the running time obeys the
recurrence

T(1)=0(1)
T(n)=2T(n/2)+0(n).
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Fourier(ag,...,a,-1)
/% We assume for simplicity that n is even. */

1. If n = 0 then return the empty vector.
2. If n =1 then return ay.

3. Let aeven = (ag,a9,ay,...) be the vector of [n/2] even-index coefficients and let

aoqd = (a1,as,as,. ..) be the vector of | n/2] odd-index coeflicients. 7 0(n)
4. Let (90,...,y[n/21-1) = Fourier (aeven) I T([n/2])
5. Let (20,...,2|z/2)-1) = Fourier(aodd). I T(| n/2])
6. Fori=0,1,...,n—1,let x; = y;, + W} 2 / O(n)
7. Return (xg,...,%x,-1).

Figure 11.9: The fast Fourier transform.

This is the same recurrence as in merge-sort (cf. section 1.2.4) and is solved by
T(n) = 0(nlog n).

This completes the proof of theorem 11.5.

11.5 Matrix multiplication

Let 4 and B be two n X n matrices. We can compute the product 4B in 0(n®)
based on the formula

(AB)z'j = Z AikBkj-
k

In 1969, Strassen |[ ] showed that one compute 4B faster by leveraging
divide-and-conquer, which was very surprising. Write

A11 A12 B11 B12
A= and B = .
(A21 A22) (321 322)
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